A large-scale temperature perturbation has a non-zero correlation with the power spectrum of B-modes of cosmological origin on short scales while the corresponding correlation is expected to be zero for B-modes sourced by galactic foregrounds. We thus compute the squeezed limit of a three-point function in which one correlates the temperature fluctuations at large scales with two polarization modes at small scales. In the particular case of the B-mode polarization we obtain a relation that connects the squeezed limit of the T BB three-point function with the cosmological B-mode power spectrum, which can be used as a consistency relation. This could in principle help to distinguish a primordial signal from that induced by inter-stellar dust.
Introduction
The recent detection of B-mode polarization pattern in the Cosmic Microwave Background (CMB) on degree-angular scales by the BICEP2 collaboration [1] , has generated a great deal of excitement in the field. The range of scales and the shape of the spectrum suggest that it has primordial origin and an outburst of work has followed up focusing on the implication of the reported signal for early universe physics. If this signal is indeed primordial it will be a strong argument in favor of inflation. However, it has been shown that this observation is also consistent with the polarized radiation emitted by the poorly-understood interstellar dust [2, 3] . Nevertheless, these results open the possibility that a detailed observational study of B-mode polarization is not too far from our technological reach. One may wonder whether measuring the three-point function in future experiments can help extract information contained in the B-mode signal. In particular, a large-scale temperature perturbation has a non-zero correlation with the power spectrum of B-modes of cosmological origin on short scales while the corresponding correlation is expected to be zero for B-modes sourced by galactic foregrounds.
Over the past decade the study of correlation functions of cosmological perturbations beyond the two-point function has received considerable attention. This interest was spurred in part by the fact that one can write consistency relations for primordial perturbations that relate (n−1)-point functions to n-point functions in the limit in which one of the scales is much larger than the others (the so-called squeezed limit) [4] [5] [6] [7] [8] [9] [10] [11] . The derivation of the consistency relations is based on the fact that a very long-wavelength mode of the gravitational potential should have no effect on quantities measured at much smaller scales and its effect is equivalent to a coordinate transformation. The consistency relations for primordial perturbations are useful for instance to distinguish whether the primordial perturbations are sourced by a single or multiple fields. A similar argument can be used also to compute the squeezed limit of correlation functions involving actual observables, such as the CMB temperature [12] [13] [14] or the dark matter density [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
In this note, we compute the squeezed limit of a three-point function in which one correlates the temperature fluctuations at large scales with two (E-mode or B-mode) polarization fluctuations at small scales using a method similar to the one used for deriving the consistency relations (in particular, we extend the approach of [12] to include polarization). To simplify the calculation, we do the computation in the flat-sky approximation and ignore late-time effects such as those induced by the late integrated Sachs-Wolfe (ISW) effect. The main contribution to the squeezed limit of such a correlation function comes from the lensing induced by the long-wavelength mode, and we estimate this signal to be observable for a futuristic experiment. This is similar to what happens for the CMB temperature bispectrum [14, 26] . An interesting feature of this result is that for the case of B-mode polarization we obtain a relation that connects the squeezed limit of the TBB three-point function with the primordial tensor power spectrum, which could in principle be used as a consistency relation for the tensor perturbations. Since the B-mode pattern sourced by inter-stellar dust is not expected to correlate with the temperature signal sourced at the CMB, this could help in distinguishing between dust and a primordial signal. It turns out, however, that the observation of this relation is difficult even for a very futuristic experiment.
It is noteworthy that the full calculation of the temperature bispectrum in the absence of primordial non-Gaussianity can now be carried out numerically (see e.g. [27] ). While this note was being prepared, an analytical and numerical study of the correlation function involving E-mode polarization appeared [28] and our results seem to agree with theirs.
We begin in Section 2 by computing the effect of a long-wavelength metric perturbation on the polarization power spectrum; we do this by closely following the approach of [12] . This two-point function can then be correlated with a long-wavelength temperature fluctuation to compute the squeezed limit of the temperature-polarization-polarization (TBB or TEE) bispectrum, which we perform in Section 3. Finally, in Section 4 we analyze whether such a bispectrum can be observable in an experiment similar to COrE, PRISM or an ideal noiseless experiment that probes very small scales. We draw conclusions in Section 5.
2 The effect of the long scalar mode on the polarization power spectrum
In this section, we start by reviewing the effect of a long-wavelength background mode on the CMB temperature anisotropies as described in [12] (see also [13] ) and then extend this treatment to the polarization field.
The long-wavelength mode acts as a background for the short modes. We take the long mode to be constant at the scale of the short modes at recombination such that its effect is equivalent to a coordinate transformation (i.e. it is what Weinberg [29] calls an adiabatic
where is an arbitrary function of time and λ is an arbitrary constant. In the limit of instantaneous recombination and considering matter dominance, the observed CMB temperature anisotropies ignoring the ISW effect 1 are given to first order by
In this expression, Θ is the intrinsic temperature anisotropy defined as
Φ is the gravitational potential and v is the velocity of the photon-baryon fluid. One can compute the effect of a long mode on the short scale temperature anisotropy by applying the coordinate transformation given in Eq. (2.1) to each term in Eq. (2.2). During matter-domination (a ∝ η 2 ), we have = η Φ L /3 and λ = 5Φ L /3. Doing the coordinate transformation explicitly therefore gives
Note that this expression is valid when the long mode is taken to be larger than the sound horizon at recombination but the short modes can be taken to be at arbitrarily small scales, as it relies only on the fact that a constant gravitational potential has no physical effect and is therefore equivalent to a coordinate transformation. Also note that this expression is indeed compatible with the explicit second order calculation performed e.g. in references [30, 31] . The time derivative in equation (2.4) will be suppressed by η rec /η obs and will thus be subdominant with respect to the rescaling. The presence of the long-wavelength mode will also change the relation between the direction of the observationn and the physical position at recombination x rec . In the absence of the long-wavelength mode they are related through the zeroth order geodesic equation, x rec =n(η obs − η rec ). In writing Eq. (2.4) this relation is used to rewrite x rec · ∇ xrec =n · ∇n. In the presence of the long-wavelength mode the relation between x andn is modified as
This relation is obtained by solving the photon geodesic equation at first order. As described in [12] , only the last term of the above expression, which is the lensing term, will contribute to the bispectrum. The first term in the square brackets does not contribute since it only depends on the gravitational potential at observation. The second term in the square bracket changes the distance to the last scattering surface and is suppressed by a factor of η rec /η obs . The second term is also suppressed since the integral of Φ along the line of sight, the so called Shapiro effect, tends to average out along the line of sight for high enough multipoles. Therefore the effect of the long-wavelength mode on the short modes reduces to the lensing induced by the long mode (the last term in Eq. (2.5)) and a stretching perpendicular to the line of sight (the last term in Eq. (2.4)). From now on for simplicity, we drop the subscript observed in the temperature anisotropy. The short-wavelength mode, Θ S , in the presence of long-wavelength mode, Θ L , is modified as
where α is the deviation due to the lensing term and we dropped the subscript S for the short modes. We can similarly find the effect of a long-wavelength temperature mode on the shortscale polarization mode. In the presence of the long mode, the short-wavelength polarization field Θ P will be
Notice that the constant term in Eq. (2.6), which corresponds to change in the average temperature of CMB, does not affect the polarization field. This is because it corresponds to the monopole of the temperature field and the polarization is only sensitive to the quadruple moment. Using the flat-sky approximationn ∼ (1, m) we get the power spectrum of the two short polarization modes in the presence of a long-wavelength temperature mode
where we have used the fact that the power spectrum depends only on the distance m = m 1 − m 2 , which is small due to the fact that we are in the flat-sky or distant observer approximation. From now on we will ignore the first term which does not contribute to the bispectrum. Next, by decomposing the polarization field into E and B modes we calculate how the presence of the long-wavelength temperature mode modifies the polarization power spectrum. This will then lead us to the calculation of the TBB and TEE bispectra in the next section. The polarization matrix for linearly polarized radiation is a real spin-2 object parametrized in terms of Stokes parameters Q and U
Under a counterclockwise rotation through an angle φ, the stokes parameters transform as 10) or in a more compact form (Q ± iU ) = e ∓2iφ (Q ± iU ), (2.11) which indicates that the polarization field Θ P = Q ± iU is a spin-2 quantity. Note that Q is parity even while U is parity odd. Putting together quantities of the same parity, we can construct spin-0 quantities E and B by applying the spin raising and lowering operators on Q and U . In the flat-sky approximation, where one neglects the curvature of the sphere and consider it as a plane normal to e z the spin raising and lowering operators reduce to
Therefore the spin-0 quantitiesẼ andB can be defined as [32] 14) and under a Fourier transform
We will write our final results in terms of a rescaled coefficients a (E,B) = a (Ẽ,B) /l 2 . Next we use Eqs. (2.12) and (2.14) to compute the effect of a rescaling on the B modes. First we consider the last term in Eq. (2.8), putting aside the lensing term for now. Note that
where we used the fact that L 2 ± is given simply by a combination of second derivatives. Therefore the contribution from the last term to the polarization is given bỹ
and analogously for the E modes
Hence its contribution to the polarization power spectrum is given by 20) where M ≡ ( m 1 + m 2 )/2 and X stands for either E or B.
Next, we consider the contribution from the lensing piece, which is given by 21) where in the last line we have assumed that α varies slowly since it is given by the longwavelength mode and we have Taylor expanded it around M . Since the polarization modes are combinations of L 2 ± acting on these objects, let us act on the above equations with the raising and lowering operators. Also let us focus only on the piece in the last line proportional to m, since it is the only non-trivial one
where we write the derivatives with respect to M in terms of raising and lowering operators written in terms of the capital coordinates L
. By putting together Eqs. (2.14, 2.21, 2.22) we get
where only the second and third line will contribute to the final answer. Using the definitions of Eqs. (2.13) and (2.14), it's easy to rewrite the third line as
Analogously for the E-modes,
Therefore the contribution of the lensing term to the polarization power spectrum in the presence of long-wavelength temperature mode is given by
3 The bispectrum in the squeezed limit
Having calculated the polarization power spectrum in the presence of long-wavelength temperature mode given by Eqs. (2.20, 2.26), we can finally calculate the TBB and TEE bispectra in the squeezed limit by correlating this power spectrum with the long-wavelength temperature mode. Again let's first consider only the contribution from the rescaling part. Using the fact that the two-point function depends only on m ≡ m 1 − m 2 we get
Now we want to write the corresponding relation for a X (without the tilda), remembering that a X = aX /l 2 , that is
Next we consider the contribution of lensing term to the bispectrum by correlating Eq.(2.26) with the long temperature mode. Let's consider each term in the square parenthesis separately: the first term in the square parenthesis of Eq. (2.26) is just trivially computed to be
3)
The second term, which has a similar structure to the lensing of the temperature power spectrum, is
where ϕ is the angle between the vectors l 1 and l 3 . Finally, the third and fourth terms in the square parenthesis of Eq. (2.26) have a more complicated structure but their computation is straightforward
Putting everything together we obtain the lensing contribution to the bispectrum
Finally, after changing fromX to X, we get
Adding the rescaling and lensing contributions to the bispectrum given in Eqs. (2.20, 2.26), we obtain the TBB and TEE bispectrum in the squeezed limit where the temperature mode has a much longer wavelength than the two polarization modes.
where X denotes either E or B.
Note that in Eq. (3.8), the logarithmic derivative will be sensitive to the tilt of the primordial power spectra. In particular, when computing the TBB bispectrum, it will receive a contribution proportional to the tilt of the tensor power spectrum n T . However, as we will see in the next section it is difficult, to say the least, to observe this contribution.
Signal-to-noise estimation
Similar to the temperature bispectrum [33] , for the TBB and TEE bispectra given in Eq. (3.8), the signal-to-noise is given by
where again X can be either E or B. Assuming l 3 < l 2 < l 1 , the variance is given by
The spectra with a tilde are the theoretical power spectra plus the instrumental noisẽ
where Y can be T, E or B mode. The noise power spectrum for a multi-frequency experiment like Planck is given by [34] 
The noise in each channel is given by where θ fwhm is the full width at half maximum of the Gaussian beam and σ Y is the root mean square of the instrumental noise. Non-diagonal noise terms are supposed to vanish since the noise contribution from different maps are uncorrelated. In our signal-to-noise estimation we use the values of θ fwhm and σ Y for three frequency channels of the Planck 14-month mission [35] , seven frequency channels of the COrE 4-year mission [36] , five frequency channels of the PRISM 4-year mission [37] as given in Tables [2] [3] [4] of the Appendix and an ideal noiseless experiment with l max = 3000. For all four cases we take the sky fraction to be f sky = 0.65. For the fiducial model, we consider a 6 parameter cosmology with {A s = 2.215 × 10 −9 , Ω m = 0.1199, Ω b = 0.02205, τ = 0.0925, n s = 0.962, r = 0.1} and n T = −(r/8)(2 − r/8 − n s ) satisfying the single-field inflationary consistency relation. We evaluate the integrals in the squeezed limit, we choose the long-wavelength mode to be in the range 20 ≤ l 3 ≤ 300 and the two short-wavelength modes to be equal and in the range 10 l 3 ≤ l 1 ≤ l max . The power spectra are computed by the numerical code CLASS [38] .
The signal-to-noise of the TBB and TEE bispectra in the squeezed limit for these three experiments and a zero noise experiment are given in table [1] . We quote two cases: considering only the rescaling part of Eq. (3.8), and using the full formula. The signal is dominated by the lensing induced by the long mode. In principle this can be subtracted from observations; for the TEE correlation the resulting signal would still be observable in the admittedly far-fetched noiseless experiment, while for the TBB correlation the signal-tonoise would barely be greater than one even for such a futuristic experiment. In particular, the contribution to TBB coming from the tilt of the primordial tensor power spectrum is inaccessible to a direct measurement. The E-modes signal-to-noise is larger as it is also sourced by temperature anisotropies. Comparing with [28] , we get compatible values taking into account that we have differences in our computations: on the one hand we only include triangles in the squeezed limit whereas they include all triangles which tends to lower our signal-to-noise although most of their signal comes form squeezed configurations.
Conclusions
We have computed the squeezed limit of the correlation function involving one temperature and two polarization fluctuations. This has been done by appealing to the fact that a constant gravitational potential (or metric fluctuation in the Poisson gauge) can have no physical effect on the local observables. It is worth noting that we do not expect interstellar dust to give any contribution to Eq. (3.8), since, being within our galaxy, it should not correlate with a long-wavelength fluctuation at the CMB.
Our results indicate that a direct observation of this squeezed limit for the B-mode polarization is possible only for very futuristic experiments, while its observation for E-mode polarization is more plausible. As pointed out in [28] , this effect has to be correctly taken into account if one is to use the E-mode bispectrum in order to constrain primordial nonGaussianity.
One could have hoped to use the B-mode bispectrum to learn something about its the nature of the primordial universe. An example of this is the dependence of the bispectrum on the tilt of the primordial tensor power spectrum, which would then be expected to be compatible with the tilt measured in the B-mode two-point function. However, most of the signal comes from the lensing induced by the long-wavelength mode, an effect that contains little information about the shape of the primordial bispectrum. Even if one were to subtract this lensing effect, the contribution of the lensing to the variance would still hamper observations. An adventurous alternative would be to measure the variation of the B-mode power spectrum among different small patches in the sky and correlate this with the average temperature of each patch, similar to what was proposed for the large scale structure in ref. [39] . One could then attempt to subtract the lensing in each patch using lensing potential maps in order to reduce the lensing variance. We leave a detailed analysis of such a technique as future work if it proves interesting.
A
Applying the coordinate transformations directly to BB power spectrum
In this appendix we derive the rescaling contribution to the B-mode power spectrum given in Eq. (2.20) , by applying the rescaling directly to the B-mode power spectrum in Fourier space. We will confirm that that it is given by
where a(l 3 ) is the multipole moment of the long mode temperature perturbation, which is related to the gravitational potential by Θ = (T −T )/T = Φ/3. During matter-domination, the effect of the long-wavelength mode corresponds to a rescaling of the wave vector k and the time coordinate η given by
The BB power spectrum is given by [40] C BB l = 4π 25 ∆η
with primordial tensor power spectrum given by
and transfer function is
The term in the square brackets can be rewritten in terms of the Bessel function and its derivative. At l 1 the asymptotic behavior of spherical Bessel function is given by a cosin function. Therefore since the phase of the Bessel function and its derivative differs by π/2 the cross term that is proportional to j l · j l can be neglected. Averaging the oscillating function of j l and j l one gets
There are some subtleties in applying the above rescaling to the B-mode power spectrum as the rescaling should be applied on the power spectrum at recombination (primordial power spectrum times the transfer function) but not on the geometrical projection effect, in this case given the square brackets in Eq. (A.3). One can also ignore any rescaling of the time at the observer because it is not observable. Finally, and most importantly, the addition of a long mode to the gravitational potential locally increases the average temperature as
Recombination happens however at a fixed physical temperature. In the patch at recombination where the long mode is present, recombination is therefore delayed to time
which exactly compensates the effect of the time transformation. This amounts to the fact that we effectively only need to rescale k to account for a long-wavelength mode. We restrict ourselves to the case n T = 0 for now and derive the results in two limits:
• 10 l 50: for l < η obs /η rec one can extend the lower integral bound to zero and obtain On the other hand, by rescaling the power spectrum we obtain • 50 l 10 3 : in this regime, one cannot extend the lower integral bound to zero. The main contribution to the integral comes from modes k ∼ l/η obs so kη rec 1 and we can use the large argument limit of the transfer function B Planck, COrE and PRISM instrumental characteristics Table 4 . PRISM (4-year mission)
